In the present work, applying the asymptotic homogenization method (AHM), the derivation of the antiplane effective properties for three-phase magneto-electro-elastic fiber unidirectional reinforced composite with parallelogram cell symmetry is reported. Closed analytical expressions for the antiplane local problems on the periodic cell and the corresponding effective coefficients are provided. Matrix and inclusions materials belong to symmetry class 6mm. Numerical results are reported and compared with the eigenfunction expansion-variational method (EEVM) and other theoretical models. Good agreements are found for these comparisons. In addition, with the herein implemented solution, it is possible to reproduce the effective properties of the reduced cases such as piezoelectric or elastic composites obtaining good agreements with previous reports.
Introduction
Nowadays, one of the technological challenges is to build up better devices and structures that satisfy the new useful emergent technologies for getting a higher development of the mankind. In this sense, the creation of new materials is an important purpose for researchers and scientists. In this line, composite materials can potentially contribute to the search of novel materials by direct engineering of their microstructure (Jiang et al., 2004) .
Magnetoelectroelastic composites is a successful case of the man-made materials, since Van Suchtelen (1972) proposed that the combination of piezoelectric-piezomagnetic phases may exhibit a new material property -the magnetoelectric coupling effect-caused by ''product properties''; that is, a polarization response to an applied magnetic field, or conversely, a magnetization response to an applied electric field, through the elastic strain, (Landau and Lifshitz, 1960) showing a full coupling among magnetic, electric and mechanical fields. Because of the finding of this coupling phenomenon in a variety of microstructures and its relation to macroscopic properties several researchers have focused their attentions on this topic (Bichurin et al., 2003a,b; Lin et al., 2005; Petrov et al., 2007a,b; Singh et al., 2008, among others) . There are excellent candidates for using in memory elements and smart sensor (Feng, 2009 ); four-state memories, magnetic field sensors, and magnetically controlled opto-electric devices (Kuo, 2011) and so on. Motivated by the above mentioned interest, the prediction of the overall properties for 'magnetoelectric-elastic' (MEE) fiber composites by different micromechanical methods have been an intensive research topic.
Appropriated description for coupled properties induced from discontinuous reinforcement is still a topic of interest that have been addressed by several authors: Bracke and Van Vliet (1981) , Nan (1994) , Benveniste (1995) , Fuentes et al. (2006) , Petrov et al. (2007a,b) , Tong et al. (2008) and Dinzart and Sabar (2011) . Overall magneto-electro-elastic coupling properties are highly affected by the inclusions array geometry of the cell (square, hexagonal, parallelogram and randomly cell) and the interface between the constituents. For instance, two-phase fiber-reinforced composites are affected whether the phase contact is perfect or imperfect. Wang and Pan (2007) , Camacho-Montes et al. (2006 the strong dependence of the magneto-electric coefficients on the inclusion interactions.
Considering a third phase between the matrix and the fiber can be a good idealization of the complex phenomenon that occurs at the interface. This third phase is considered as a thin layer that describes the transition zone (interphase) between the fiber and the matrix, Wang et al. (2005) , , Yan et al. (2013) , etc.
In many cases of interest, the perfect interface is not an adequate model and it is necessary to include one or more interphases separating the reinforcement inclusion phase from the host matrix phase as part of the analytical model. This interphase can represent chemical interactions between the constituents, or they can be introduced by design in order to improve the properties of the composite, . Then, a better description for imperfect bonded composites can be achieved including one or more than one extra phase between the matrix and the fiber and this proceeding transform the two phase MEE composite in a new multiphase MEE composite.
Micromechanical models used in elastic and piezoelectric problems have been extended to predict effective properties of MEE composites: The dilute (Eshelby, 1957; Zhang and Soh, 2005) , self-consistent (Budiansky, 1965; Nan, 1994; Srinivas and Li, 2005) , generalized self-consistent (Tong et al., 2008) , differential (Mclaughlin, 1977) , Mori-Tanaka (Mori and Tanaka, 1973; Benveniste, 1987; Li and Dunn, 1998; Srinivas et al., 2006; Wang and Pan, 2007) and homogenization (Benveniste and Dvorak, 1992) ; methods that are so used to solve the two-phase micromechanics models.
A modified Mori-Tanaka method applied on the three-phase model instead of the Eshelby's problem was proposed by Luo and Weng (1987) . Also, based on the composite cylinder model and the theory of exact connections of multi-fields, the predictions of the ME coefficient was given by Benveniste (1995) . The MoriTanaka theorem and Nemat-Nasser and Hori's multi-inclusion model is generalized by Li (2000) to analyze the heterogeneous electro-magneto-elastic solids. In those works, they take into account an inclusion containing another inclusion, which is embedded in an infinite matrix and they developed a numerical algorithm to evaluate electro-magneto-elastic Eshelby tensors.
The homogenization micromechanical method was employed to predict the effective moduli of electro-magneto-thermo-elastic multi-phase composites (Aboudi, 2001) . In this method, he assumed that fields vary on multiple spatial scales due to the existence of a microstructure and the fact that the microstructure is spatially periodic.
By the finite element method (FEM), Lee et al. (2005) has investigated the effective properties of a three-phase electromagneto-elastic composite that is composed by an elastic matrix reinforced with piezoelectric and piezomagnetic fibers. A non-zero magneto-electro-elastic coefficient is reported. Dinzart and Sabar (2011) , applying the Mori-Tanaka's model obtained the effective magneto-electro-elastic properties of the composite containing thin coated inclusions. Guinovart-Díaz et al. (2013) deduced the in-plane effective properties for magneto-electro-elastic fiber unidirectional reinforced three-phase composite with square and hexagonal arrangement of cells by asymptotic homogenization method. As a generalization of the classic Rayleigh's work in 1892, Kuo (2011) developed the magnetoelectroelastic potential in multicoated elliptic fibrous composites of piezoelectric and piezomagnetic phases and performed a numerical computation for two-and three-phase transversely isotropic composites: BaTiO 3 /CoFe 2 O 4 (fibers/matrix) and BaTiO 3 /Terfenol-D/CoFe 2 O 4 (fiber/coated/matrix). They also reported that their results can be beneficial as design tools for functionally graded tunable composites. Yan et al. (2013) , extend the eigenfunction expansionvariational method (EEVM) reported by Yan et al. (2011) to solve the antiplane magnetoelectroelastic coupling problem for composites with a generally doubly periodic fibers array. In his work, he showed the influences of the volume fraction, permutation and the choice of the constituent phases, as well as the fiber distribution on the effective magnetoelectroelastic moduli. Besides, it is shown that the periodic array of fibers is expected to exhibit special magnetoelectric effect due to the overall anisotropy induced by general fiber arrays.
The main aim of this paper is the determination of the antiplane effective properties for three-phase magneto-electro-elastic fiber unidirectional reinforced composite with parallelogram cell symmetry using the asymptotic homogenization method (AHM), as an extension of works reported by Espinosa-Almeyda et al. (2011) and Guinovart-Díaz et al. (2013) considering perfect or imperfect conditions at the interfaces for a two-phase composite. The effect of the interphase on effective properties is receiving considerable attention in the literature and it is the motivation for this work. In general, the application of this method to a periodic medium leads necessarily to the solution of several so-called local (or canonical) problems which take place on a periodic unit cell. The present solution is mainly focused on the estimation of analytical expressions for the effective coefficients taking into account the influences of the volume fraction, permutation and the choice of the constituent phases, as well as, the fiber distribution on the effective magnetoelectroelastic moduli. In addition, the anisotropy of the composites induced by the distribution of the fibers arrays in the matrix is discussed. Numerical calculations are carried out and some comparisons with the eigenfunction expansion-variational method (EEVM) and others theoretical models are presented and good agreements are obtained.
Governing equations and basic formulation
A three-phase periodic composite (fiber/interphase/matrix) is considered here which consists of a parallelogram array of two circular and concentric fibers of different materials embedded in a homogeneous medium. The Cartesian coordinates system fO; x 1 ; x 2 ; x 3 g is employed for geometrical description of the composites defined in X & R 3 . The fibers are infinitely long in the direction Ox 3 and periodically distributed. Fig. 1(a) shows the representative volume element in the plane normal Ox 1 x 2 to cylindrical axis. The magnetoelectroelastic material properties of each phase belong to the crystal symmetry class 6mm, where the axes of material and geometric symmetry are parallel.
The transversal sections of the periodic cell are parallelograms with two concentric circles of radius R 1 and R 2 ðR 2 < R 1 Þ, the phase contacts between the matrix/interphase and the interphase/fiber are considered as C s ¼ fz : z ¼ R s e ih ; 0 6 h 6 2pg, ðs ¼ 1; 2Þ respectively. It is also considered the cell with periodicity property on the complex plane z ¼ n 1 þ i n 2 where x 1 and x 2 denote the principals periods. The region occupied for the matrix ðS 1 Þ, interphase ðS 2 Þ and fiber ðS 3 Þ are respectively denoted by S c ðc ¼ 1; 2; 3Þ respectively, with Y ¼ [
Also, as we are considering the static case, the Cauchy's relations as well as the relationship between the electric and magnetic fields with their respective potentials takes the following form:
The equilibrium and Maxwell's equations of the composites are expressed by the mechanical displacement u and Maxwell's quasistatic equations for electric field E and magnetic field H. They become coupled equations for u; E and H starting from the equations:
In Eqs. (1)-(4), C ijkl ; e ijk ; q ijk ; a ij ; j ij and l ij are the material properties, that denote the elastic stiffness tensor, piezoelectric, piezomagnetic and magneto-electric coupling tensors, the dielectric permittivities and the magnetic permeabilities, respectively. r ij ; D i ; B i ; e kl ; E k and H k denote the components of the stress, electric displacement, magnetic induction, strain, electric and magnetic fields respectively, and we use u k ; / and w to represent the displacement component, the electric and the magnetic potentials. The summation convention over repeated Latin indices is understood and i; j; k and l run from 1 to 3 and the comma represents the partial derivative respect to the correspondent variable. Also, the material properties satisfy the following symmetries:
where g 1 ; g 2 ; g 3 are positive constants and E 3 s is the space of symmetric 3 Â 3 matrices.
Substituting (1)-(3) into (4) we obtain a system of partial differential equations with rapidly oscillating coefficients on the region X, ðC ijlk ðyÞu l;k þ e kij ðyÞ/ ;k þ q kij ðyÞ w ;k Þ ;j ¼ 0;
ðe kij ðyÞu i;k À j jk ðyÞ/ ;k À a jk ðyÞ w ;k Þ ;j ¼ 0; ðq kij ðyÞu i;k À a jk ðyÞ/ ;k À l jk ðyÞ w ;k Þ ;j ¼ 0; ð5Þ which constitute the system of fundamental equations of the theory of the linear magneto-electro-elasticity for a heterogeneous structure X. The problem is to solve (5) subject to the boundary conditions:
where g 1 ðxÞ; g 2 ðxÞ and g 3 ðxÞ are infinity differentiable functions on X.
In a two-dimensional situation, like the herein considered geometry, it turns out that the above equations uncouple into two independent systems under suitable boundary conditions. Just like, the familiar plane-and anti-plane-strain deformation states in linear elasticity, see Camacho-Montes et al. (2006 and López-López et al. (2005) . In the state of in-plane mechanical deformation and out-of-plane electric and magnetic fields, the mechanical displacements u 1 ; u 2 and the fields E 3 ; B 3 are involved. The other state, which is of particular interest in this work, it is the anti-plane mechanical deformation and in-plane electric and magnetic fields. Here, the mechanical displacement u 3 and the electric and magnetic fields E 1 ; E 2 ; H 1 and H 2 are the involved variables, see Chen (1993) , Benveniste (1995) and Kuo (2011) by:
where u 1 ; u 2 ; u 3 are the mechanical displacements along the O x ; O y and O z axes, / and w are the electric and magnetic potentials, respectively. In addition to Eqs.
(1)-(6), we have to use interface conditions between the two contiguous phases, occupied by S c , these interface conditions are assumed to be in perfect contact along the interfaces C s of each cylinder. The displacement, quasi-static electric and magnetic potentials, traction, normal electric displacement and normal magnetic induction are continuous across the interfaces C s , between the phases. Therefore the perfect contact condition can be written as:
the double bar notation kf k s is used to denote the jump of the relevant function f across the interphase C s , i.e. kf k 1 ¼ f ð1Þ À f ð2Þ and kf k 2 ¼ f ð2Þ À f ð3Þ , whereas the indices (1)-(3) denotes the matrix, the interphase and the fiber properties respectively. n i is the component of the outward unit normal vector n to the interface C s .
Method of solution
By means of the well-known asymptotic homogenization method reported by Rodríguez-Ramos et al. (2001) and Pobedrya (1984) , it is possible to obtain from (1)-(6) an asymptotic solution of the above statement of the problem, the local problems on the periodic cell and the effective coefficients analogous to those reported in Espinosa-Almeyda et al. (2011) , being this, the main aim of this work. The solutions can be solved asymptotically posing the ansatz: wðxÞ ¼ w 0 ðx; yÞ þ ew 1 ðx; yÞ þ Oðe 2 Þ ð 12Þ
and stating the two scales. The functions w 0 ; w 1 ; / 0 ; / 1 ; w 0 and w 1 are found to satisfy certain differential equations related to the original system in a unit cell (see Fig. 1 ) with periodic conditions, also they are infinitely differentiable and Y-periodic with respect to the fast variable n. It is a well-known derivation whose details can be found elsewhere (e.g., Parton and Kudryavtsev, 1993) and here is omitted. Of a greater interest are the so-called local (or canonical) problems associated here with the correction terms w 1 ; / 1 and w 1 to the mean variations w 0 ; / 0 and w 0 respectively, since they appear in the formulae of the effective properties. Due to the linearity of the main equations on the antiplane case, the corrections terms w 1 ; / 1 and w 1 can be obtained as a linear combination of some of such displacements and potentials. This, however, will not be done here, since the main objective of this paper is the characterization of the effective properties.
Twelve local problems arise aq L; a I and q P ða ¼ 1; 2; q ¼ 1; 2; 3Þ over the periodic unit cell Y, defined bellow (see for instance Parton and Kudryavtsev, 1993 
being a3 L 3 ; a3 M and a3 N the local functions corresponding to the mechanical displacements, the electric potentials and the magnetic potentials associated to the present local problems with a ¼ 1; 2.
The subscripts before the local functions will be omitted for simplicity of the expressions.
Thus, the functions L 3 ; M and N are sought in such a way that they also are doubly periodic harmonic functions of the complex variable z ¼ y 1 þ iy 2 in the periodic cell Y, with the periods x 1 ¼ 1 and x 2 ¼ e ih where h ¼ p=2 for square symmetry and h ¼ p=3 for hexagonal symmetry and another case for parallelogram symmetry (see Fig. 1(b) ). Now, the comma notation represents the partial derivate relative the local variable n l .
Solution of the local problems
Considering the mathematical statement of the present problems, doubly periodic harmonic functions L 3 ; M and N are to be found in terms of the following Laurent expansions of harmonic functions over the region S 1 , L ð1Þ 3 ðzÞ ¼ Re 
By the sum of the power expansions over the region S 2 L ð2Þ 3 ðzÞ ¼ Re
and power expansions over the region
3 ðzÞ ¼ Re
where the symbols Re or Im are the real or imaginary part of the complex number, respectively, R 1 and R 2 ðR 2 < R 1 Þ are the radiuses of the fibers in the composites. a 0 ; a k , a 
Àp ; e 0 ; e k ; e ð2Þ p ; e ð2Þ Àp ; c k ; d k ; f k are complex undetermined coefficients which depend on the local problems a3 L to be solved and the superscript ''o'' next to the summation symbol means that ''k'' runs only over odd integers. f is the Zeta quasi periodic Weierstrass function defined as fðzÞ ¼
, with x 1 and x 2 the principal periods and for m; n 2 Z the prime over the summation symbol means that the pair ðm; nÞ ¼ ð0; 0Þ is excluded.
Substituting the previous expansion (18)- (20) into the contact conditions at the interface (Eq. (15)), after some algebraic manipulations, we obtain an infinite systems that are transformed into dimensionless equations to facilitate solution by means of the following relations defined in Appendix A, see Wang and Ding (2006) :
where the following notation is introduced E p ðÞ ¼ ðÞ
¼ ða; b; eÞ and the complex unknown constants a p ; b p and e p , and their conjugate denoted by the over bar are the solutions of the corresponding local problems a3 L. Here, the sum by the repeated indices k and p are applied, with k; p ¼ 1; 3; 5; . . . ; d 1p is the Kronecker's delta and the constants A ip ; B ip ; C ip ; T 1p ; T 2p and T 3p are defined in Appendix B. The solutions of the system of each local problem depend on the material constants, geometry of the fibers and the different fields related to the problem. From the condition of double periodicity of the functions L 3 ; M and N the following relations we can concluded:
Also, analogous to Guinovart-Díaz et al. (2011), introducing in Eq. (21) the following set of variables is defined:
and h 2a real numbers, that represent the real or imaginary part of the previously complex numbers and i ¼ ffiffiffiffiffiffiffi À1 p . After some algebraic manipulations, the solution of above equation system (21) can be rewritten in the following matrix form:
whereẼ 1 ; J are square matrices of order 6,Ẽ and W are the order 6N
formed by six order blocksẼ p and W kp respectively, defined in Appendix C, here k and p are odd numbers. The matrix
are the order 6 Â 6N and 6N Â 6 respectively. N 2 N is the truncate order of the system (21). Also, 
, in this case the unknowns with subscript p ¼ k ¼ 1 remain no null. This approximation is equivalent to truncate the equation system (21) to an appropriate order N, which denotes the number of equations considered in the solution of the infinite algebraic system of equation, particularly to N ¼ 1 (short formulae). It is solved and its solution is:
In general, using the solution of the equation system (23), we can obtained the constant a 1 ¼ x 1 þ iy 1 ; b 1 ¼ z 1 þ it 1 and e 1 ¼ l 1 þ im 1 , that are essential for the effective coefficients associate with these local problems a3 L. The same method used for solving the local problem a3 L ða ¼ 1; 2Þ may be developed to solve the other antiplane shear local problems 1 I ; 2 I ; 1 P and 2 P. These problems are very similar to a3 L.
Effective coefficients
The main objective of this work is the characterization of the effective properties for three-phase magneto-electro-elastic fiber unidirectional reinforced composite with parallelogram cell. Then, the corresponding effective coefficients related to the local problems a3 L are shown.
Effective coefficients associate with the local problem 13 L
Effective coefficients associate with the local problem 23
The local functions L 3 ; M and N are the solutions of the local problems a3 L, respectively. The expressions of the effective coefficients (24) and (25) are transformed applying Green's theorem to the area integrals. Subsequently, substituting the previous expansion (18)- (20) into the lineal integrals and using the orthogonality of the system of functions fcosðnxÞ; senðnxÞg 1 n¼À1 in ½0; 2p and making the transformations shown in Appendix D, the analytical expressions of the dimensionless effective properties are obtained as functions of the unknown constants a 1 ; b 1 and e 1 , associated to each local problems 13 L or 23 L; as follows: Analogously, the remaining dimensionless effective properties from the antiplane local problems 1 I ; 2 I ; 1 P and 2 P can be calculated. 
To have the remaining effective properties, it will be only necessary to solve the associated local problems a I and q P. The unknowns a 1 ; b 1 and c 1 are different for each individual local problem and they are obtained from the system of equation (22) using the corresponding independent terms related to each local problems. The dimensions can be retrieved in the inverse form using the transformations of Appendix A.
Numerical results
In the present work, it is investigated the influences of the volume fraction, fiber distribution and phase permutation on the effective magnetoelectroelastic moduli considering the volume cell illustrated in Fig. 1 . Two different cases: a two-phase Model (fiber/ matrix = BaTiO 3 /CoFe 2 O 4 ) and a three-phase Model (fiber/interphase/matrix = BaTiO 3 /Terfenol-D/CoFe 2 O 4 ) are taking into consideration for numerical simulations.
The analytical expressions of the effective properties (26) and (27) are in function of the material properties, the volume fraction and the residues a 1 ; b 1 and e 1 of the functions (18). The system in Eq. (23) is truncated to N order and solved for a 1 ; b 1 and e 1 : This procedure is repeated for different orders. For each N, new solutions a 1 ; b 1 and e 1 are obtained and compared to the ones of the preceding step. Calculation stops when the difference between these coefficients for subsequent steps reaches the desired precision. The coefficients a 1 ; b 1 and e 1 are substituted into (26) and (27) in order to finally obtain the overall properties. Only a few iterations are needed to achieve the convergence.
An important result is that the approach in Eq. (23) for N = 1 reproduces exactly the values that are determined by Mori-Tanaka self-consistent method reported in Wang and Pan (2007) , when considering a three-phase model with very thin interphase.
From the present three-phase model, it can be obtained the analytical expressions of the composite without interphase (two phase composite) reported in previously works by CamachoMontes et al. (2009) . In addition, limit cases can be verified and the analytical expressions can be reduced to those reported for transversally isotropic bi-or three-phase composites, with elastic or piezoelectric constituents and square, hexagonal, parallelogram cells, such as, Guinovart-Díaz et al. (2011 , Rodríguez-Ramos et al. (2011) .
The aforementioned global properties of the antiplane behavior of the two-or three-phase magneto-electro-elastic fibrous composite as function of the cell's constituents are calculated considering the constitutive properties shows in Table 1 (see Yan et al., 2013) . For simplicity, the two index notation, in the expression of the effective properties, is used in tables and figures.
The numerical validity and efficient of the herein developed analytical results by means of the asymptotic homogenization method (AHM) are verified by comparing them with the other ones published by Yan et al. (2013) (EEVM, i.e., eigenfunction expansion-variational method) and by Kuo (2011) , who combined the methods of complex potentials with a re-expansion formulae and the generalized Rayleigh's formulation. The parameter k ¼ V 3 is defined as the fiber volume fraction for a two-phase composite and k ¼ V 2 þ V 3 is the volume fraction of the fiber and interphase together for a three-phase composite. For both cases 1 À k is the matrix volume fraction. In this example, the concentric fibers radius relation is R 2 =R 1 ¼ 4=5 for the three-phase composite. Different periodic cell arrays are being considered: square array if the fundamental periods are x 1 ¼ 1 and x 2 ¼ i, hexagonal array if x 1 ¼ 1 and x 2 ¼ e ip=3 and the general parallelogram array when fundamental periods x 1 ¼ 1; x 2 ¼ e ih and a vertex angle h. In Tables 2-5, the variation of the effective properties of MEE composites with different truncate orders N for a two-or threephase composite are shown.
In Tables 2 and 3 , some comparisons of the effective properties between the AHM, EEVM (Yan et al., 2013) and Kuo (2011) are shown for a three-phase composite (BaTiO 3 /Terfenol-D/CoFe 2 O 4 ) with square and hexagonal periodic cell respectively and a Table 2 Variation of the effective MEE moduli obtained by AHM in term of order system N, for a three-phase composite with square periodic cell (h ¼ 90
) and a comparison with those predicted EEVM (Yan et al., 2013) are shown. good match between the approaches can be observed. In these comparisons, the volume fraction are considered to be
It can be noticed the influence of the arrangement of the cells on the properties of the composite and we can conclude that, for a three-phase composite materials (BaTiO 3 /Terfenol-D/CoFe 2 O 4 ), where the periodic cell is square, the magnetoelectric, magnetic, piezomagnetic and elastic properties are lower than those of the hexagonal cell, being opposite for the piezoelectric and dielectric properties. Also, it is observed that when the hexagonal fiber array is considered the results converge more rapidly than those for a square fiber array.
The effective properties of a bi-phase composite (BaTiO 3 /CoFe 2 O 4 ), can be derived from the three-phase model when the thickness of the interphase is very thin and the material properties are BaTiO 3 or CoFe 2 O 4 . In Table 4 , the numerical results using the present model are compared with those reported by Yan et al. (2013) and Kuo (2011) when the periodic cell is square. Here, the volume fraction for each phase is considered as k ¼ V 3 ¼ 0:6, V 2 ¼ 10 À6 and V 1 ¼ 1 À V 2 À V 3 . It can be noticed that the result of the effective magnetoelectroelastic moduli is a good estimation. In addition, it was found that the interphase volume fraction has a strong influence on the effective properties because the results converge more rapidly when is considered the volume of the interphase as V 2 < 10 À6 . The obtained values are closer to those reported by Yan et al. (2013) . An objective of making magnetoelectroelastic composites is to maximize the magnetoelectric coefficient. The highest one is obtained for the three-phase composite. This result is also obtained by Yan et al. (2013) even if Terfenol-D is considered instead of CoFe 2 O 4 . Then, the intermediate or interphase plays an important role in the mechanical interaction between the piezoelectric and magnetostrictive constituents leading to an extra improvement of the magnetoelectric coupling. In addition, for three-phase composites where the fibers are aligned with square periodicity, the magnetoelectric property is weaker than those of the composites with hexagonal or parallelogram periodicity, see Tables 2-4. In Table 5 , a comparison of the magnetoelectric (ME) effective properties between the AHM and EEVM (Yan et al., 2013 ) is shown for a three-phase composite with parallelogram periodic cell and a good match between the approaches can be observed. Note that, new coefficients ME appears for this parallelogram periodic cell, i.e., the effective coefficients a Ã 12 and a Ã 21 are different of zero. For this case, it can be observed the influence of the cell's space fiber distribution on the anisotropic symmetry.
Therefore, the overall magnetoelectric performance of the composite with parallelogram periodic cell has less symmetry operations than hexagonal and square periodic cell, which exhibit a transversely isotropic symmetry as was reported by the previous work, Camacho-Montes et al. . Consequently, the composite with parallelogram cell corresponds to a material behavior with a higher Table 3 The effective MEE moduli obtained by MHA in term of order system N, for a three-phase composite with hexagonal periodic cell (h ¼ 60
) and a comparison with those predicted EEVM (Yan et al., 2013) and Kuo (2011) are shown. Table 4 The effective MEE moduli obtained by AHM in term of order system N for a two-phase composite using the three-phase model. anisotropic degree, as it was pointed out previously. For these fibrous composites, the maximum value tolerable of the fiber volume fraction k is 0.785 for a square cell, 0.906 for a hexagonal cell and 0.813 for parallelogram periodic cell with angle of 75°and 1 for an idealized even fiber distribution in the Mori-Tanaka estimation (Wang and Pan, 2007) , consequently with the results of Yan et al. (2013) . We assert from comparisons in Tables 2-5 that both methods AHM and EEVM are in a good concordance except the effective properties q Ã 15 ; l Ã 11 and a Ã 11 for only N = 1. Also, we analyze the behavior of the analytical expression using N = 1 (short formulae see (23)) whose numerical computations are shown in the aforementioned tables.
As it was mentioned previously, the solution to the infinite order algebraic system (22) is achieved by means of truncation to an infinite order and the Gauss's method. A fast convergence of successive truncations is ensured because the system is regular (Rodríguez-Ramos et al. (2001) ) so that successive approximations can be applied. Besides, concerning the well convergence of the AHM we can refer to Sixto-Camacho et al. (2013) and BravoCastillero et al. (2008) .
In general, for the volume fraction of each phase, as it is considered in Table 4 where k ¼ V 3 ¼ 0:6, (Fiber) V 2 6 10 À6 (interphase) and V 1 ¼ 1 À V 2 À V 3 (matrix), the accuracy and convergence of the results are good for smaller values of N (N 6 3). More terms are required to be included for high volume fraction of fibers as well as for higher contrast between the fiber and matrix as it can be observed in the next example. An analysis of computational cost required to achieve pre-fixed accuracy as a function of volume fraction k ¼ V 2 þ V 3 and material properties is shown in Table 6 . Here, the effective properties obtained by MHA are computed for a three-phase composite with a BaTiO 3 matrix, Terfenol-D interphase and idealized properties of fiber. This combination is proposed to obtain a higher contrast between the matrix and fiber. In this example, we used the fiber properties of CoFe 2 O 4 multiplied by 120 with hexagonal periodic cell (h ¼ 60 ) for two different volume fractions V 3 ¼ 0:2 and V 3 ¼ 0:85 (case close to percolation), V 2 ¼ ð1=16ÞV 3 and
It can be noticed from Table 6 that good accuracy is already reached for low values of N for effective magnetoelectroelastic properties when the fiber volume fraction ðk ¼ 0:2125Þ is small, i.e., N 6 2. For high fiber volume fraction ðk ¼ 0:9031Þ, it is needed a higher truncation order N of equation systems (21) to get a better accuracy. The solution (22) depends on powers of radius R 1 (see in (18) expression of w kp ), then more terms are required to assure the convergence of the solution, for higher volume fraction. In addition, it is worthily to mention that computation of the result only takes few seconds. and 90°(square periodic cell), the strongest anisotropy appear at angle 45°. In the range between 60°and 90°the trend of the curves of all coefficients are similar, being different for high fiber volume fraction values. The difference between the coefficients is remarkable for angles of the cell less than 60°. The explanation should be given because of the fact that in the distance between the fibers is small and it reinforces the properties of the composite in this direction.
Also, from Fig. 2 , it is possible to see that, for small fiber volume fraction, this type of the cell distribution does not affect the value of the effective property; it is the same value in both distributions (square and hexagonal distribution cell). However, when the Terfenol À D fiber volume fraction is growing, the fiber distribution show to have a heavier role on the ME coefficients. When the fibers are aligned with hexagonal distribution the property a Ã 11 is weaker than square distribution properties. We can also see, that the property a Ã 11 reaches local extreme maximum and minimum values, and finally increases rapidly until the fiber volume fraction reach the percolation limit. (Yan et al., 2013) , for square and hexagonal fiber array are illustrated.
Table 6
Variation of the effective MEE moduli obtained by MHA in term of order system N and volume fractions k ¼ 0:2 and k ¼ 0:85, for an idealized three-phase composite (BaTiO 3 / Terfenol-D/CoFe 2 O 4 ) with hexagonal periodic cell and the contrast between the fiber and matrix is 120. The first maximum for the ME coupling has been previously reported by Camacho-Montes et al. (2009) and Espinosa-Almeyda et al. (2011) . The ME coupling in the type of composite studied herein, where there is no ME effect for either of the constituents is a result of the mechanical interaction at the interphase between piezoelectric and piezomagnetic constituents. In principle, the first maximum can be expected for V 3 ¼ 0:5. However, depending on the constituent properties this maximum can shift either to higher or lower matrix volume fraction. It is worthily to observe that a second tendency of the ME to increase toward fiber percolations. This interesting fact is probably related to the interceptions of the stress field of different matrix-fiber interphases as they are closer near percolation. This effect can also be related to the presence of the interphase as it is not observed by CamachoMontes et al. (2009). In Fig. 3 Yan et al. (2013) . It is important to note, besides the choice of the phases, the influence of the permutation can also be significant in the behavior of the new effective coefficient. The effect of the shape of the cross-section of the empty fibers obtained by AHM method for a three-phase composite (Empty=Empty=BaTiO 3 ) are shown here to illustrate the effect of the empty-fibers cross-section shape on the antiplane properties C 
11 are satisfied for a porous fiber composite. It can also be observed, from this figure, that the curves do not cross each other and that the ratios decrease monotonically from the matrix value (normalized to 1) at zero fiber volume fraction to the corresponding percolation limit. In addition, very closed estimation between the curves for small values of the fiber volume fraction are observed. The equalities shown previously are published by Bravo-Castillero et al. (2009) 
Piezoelectric composites
The effective coefficients (26) and (27) can be reduced to piezoelectric, bi-or three-phase composites. These effective properties are compared with those published by Yan et al. Fig. 4 . The normalized effective properties of the three-phase composite with empty fibers versus the total volume fraction of the fiber and interphase for different fiber array.
Table 8
The effective piezoelectric moduli in term of order system N for a three-phase composite with square periodic cell.
Glass/PZT/Epoxy, (Square cell) Glass/PZT/Epoxy, (Hexagonal cell) Table 8 . In these cases, the material properties are considered in the following Table 7 ; see Yan et al. (2011) . In Table 8 , the effective properties of a three-phase piezoelectric composite (Glass/PZT/Epoxy), with square or hexagonal periodic cell obtained by AHM are summarized, and compared with those reported by EEVM . Here, the volume total of the fiber (Glass) and interphase (PZT) is k ¼ V 2 þ V 3 ¼ 0:6, the relative radius of the fibers are given as R 0 =R ¼ 2=3 and the fraction of volume of the phases are V 2 ¼ ð5=4Þ Á V 3 and V 1 ¼ 1 À V 2 À V 3 . From Table 8 , a good agreement and rapid convergence of the present results are observed.
Conclusions
In this work, the analytical formulae derived for all effective properties have a simple form. The computational implementation is easy. In addition to its theoretical importance, they can be used for checking the implementation of experimental, numerical and analytical models. The numerical analysis demonstrates that the AHM model is very simple, accurate and efficient for the analysis of fiber-reinforced composites with presence of the interphase and for different arrangement of angular distribution of the fibers. In addition, is remarkable the relation among the contrasts of the phases properties, the order of truncation and the volume fractions of the fiber and the interphase. Some comparisons with experimental results reported in the literature revealed a good performance. The formulae are also valid for two-or three-phase piezoelectric or elastic composite. For composites with a parallelogram periodic array of fibers, the effective magnetoelectric moduli can be anisotropic. There exist two new coupling magnetoelectric coefficients besides the two main coefficients.
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Appendix A
The local problems are transformed into dimensionless problems, making the following transformations (Wang and Ding, 2006 In order to realize the numerical calculations we present the following algorithm which allows us to derive the system (21). The relations defined in Wang and Ding (2006) (Appendix A) are used, substituting the previous expansion (18)- (20) into contact conditions (14) for s ¼ 1; 2 and considering that z ¼ R s e ih for different powers of e iph we obtain the following equations: 
ðB:2Þ
Now, the local functions are considered periodic harmonic functions of the complex variable and they satisfy the CauchyRiemann conditions, using the relations defined in Appendix A, sf i t ¼ f i ðzÞ À f i ðzÞ and n 2 ¼ ÀR À1 ðdx 1 =dhÞ; n 1 ¼ R À1 ðdx 2 =dhÞ on the interfaces C s , the equalities (15) can be written in terms of the complex functions as: 
11 sh2t 
s ¼ 3; 4;
the independent term for the local problem a3 L are
15 À E
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
with, 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi Eqs. (24) and (25) are easily transformed applying Green's theorem to the area integrals. Therefore, considering the perfect contact condition (14), the effective coefficients that appear in (24) and (25) associate with the local problem a3 L are connected by the following matricial relations: 
3 dn 1 ¼ c 1 R 2 p; The following equations (D2) are obtained setting in (21) for p ¼ 1; a ¼ 1 and a ¼ 2, respectively, according to the problem a3 L to be solved. They are necessary in order to obtain analytical expressions for the effective coefficients.
then, by means of the relations defined in Wang and Ding (2006) (Appendix A), substituting the expression of (D2) into (D1) and using the corresponding solution of (D3), and the analytical solution of c 1 ; d 1 and f 1 obtained of (B.1), (B.2) and (B.6)-(B.8) system a simple analytical formulae for the effective properties are deduced depending only the unknowns a 1 ; b 1 and e 1 as it is represented in (26) and (27) . The magnitudes that appear in (26) and (27) corresponding to the local problem a3 L can be summarized as follows: 
Â ðV 3 =R 2 Þ;
